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Abstract of Paper (for reference)

0 Traditional algorithms for simulating guantum computers on
classical ones require an exponentially large amount of memory,

= and so typically cannot simulate general quantucuds with more than
about 30 or so qubits on a typical PC-scale platfatith only a few
gigabytes of main memory.

0 However, more memory-efficient simulations are possible,

= requiring only polynomial or even linear spaceha size of the quantum
circuit being simulated.

0O In this paper, we describe one such technique,

= which was recently implemented at FSU in the fofra @€++ program
called SEQCSIim, which we releasing publicly.

0 We also discuss the potential benefits of this simulation in
guantum computing research and education,

= and outline some possible directions for furthergpess.
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What Is a Quantum Computer?

o A new, more powerful fundamental paradigm for computing
within the laws of physics.

Apparently exponentially faster on some problems.

0 Key differences btw. Classical vs. Quantum Computation:
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State representations:
o Classical: A sequence af bit valuesw L1 B", whereB = {0,1}.

o  Quantum: A function¥ O H, whereH = B" — C, mapping classical
states to complex numbers (“amplitudes”).

Logic operators (“gates”):
o Classical: A function from several bits to one hitBk — B

o Quantum: A unitary (invertible, Ien%th preservmg) linear
transformationJ:S — S, whereS

Measurement of computation results:
o Classical: Measured value is exactly determined by machirte.sta
o  Quantum: Probability of measuring state as bewg OV (w)[2.
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A Simple Quantum Circuit: Draper Adder

Uses the quantum Fourier transform (QFT) and usnse QFT1 to add two 2-bit input
integers in a temporary phase-based representatiere it is computing 1 + 1 = 2.

b:_|:(L)l2> ) b, 10 I 0
- | by 1D A\ I A 1D
a=[01) | & O—H @A@ H—b | a=10)
B L% 1D H (@9 H-#Y) 0 -
N J AN J
e Y g
a:= QFT(a) addb into a:=QFT {(a)
phase oh
. - 1 0 0 0 ]
010 0
H:%E _1} a:=(a+b)mod4 ¢, = 00 1 0
E 0 0 0 exp@2™)]

Hadamard gate
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™ QCAD - C:\Documents and Settings\Mike\My Documents\Files\Current\QC w Uwe\Data F... \:HE\E\ QCAD design tool

E.j'le_}'.zw _._E,d'z, Qi'; e 5 & simulator, by
e Hiroshi Watanabe,
ot - — S - - University of
a2 | - T T S Tokyo, available
03 | ! T from
as {m]— T &)k . http://apollon.cc.u-
05 m H 452 1 TT TT Pt Teod [y @ tokyo.ac.jp/~wata
e ] T H 5 H , nabe/qcad/index.ht
g TT TT 1 T’ [T :

08 | - T 1 T

0 Some advantages of the Draper adder:
= Minimal quantum space usage: Requires no anciisfor carries.
= A good simple, but nontrivial example of a quantalgorithm.

0 A disadvantage of the Draper adder:

= Slow; require®(n?) gates for am-bit add!
o  Unlikely to be used in practice, except when qulrtsvery expensive.
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Some Potential Applications
of Quantum Computers

0 If quantum computers of substantial size are built,
known quantum algorithms can be applied to obtain:

= Polynomial-time cryptanalysis of popular public-key
cryptosystemsg(g., RSA). (Shor’s factoring algorithm.)

= Polynomial-time simulations of quantum-mechanical
physical systems. (Algorithms by Lloyd and others.)

= Square-root speedups of simple unstructured searches of
computed oracle functions. (Grover’s search algorithm.)

= And not a whole lot else, so far!
0 A much wider variety of interesting & useful
guantum algorithms is needed,

= But new quantum algorithms are very difficult to develop.
o Need flexible, capabable simulation tools for desigidation.
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A Problem with Nearly All Existing f
Quantum Computer Simulators

0 They requirexponential space as the number
of bits in the simulated computer increases.

= Why: They update atate vector explicitly
representing the full wavefunctiokt B" — C.

o Vector represented as a list dfcdmplex numbers
m 1 for each possible configuration of the machimelsts

= [f the available memory holds 1G3fpnumbers,
o We can only simulate <30-bit quantum computers!

= The large space usage also imposes a significant
slowdown to access these large data sets

o Relatively slow access to main memory (or even disk).
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A Way to Solve This Problem

0 We can reformulate guantum mechanics in an
equivalent frameworkvithout any state vectors.
= Feynman (1942). Any desired quantum amplitude car

be computed using a “path integral” expression
summing over possiblgassical trajectories.

= Bohm (1952): Can time-evolvectassical state
under the influence of only those amplitudes in its
Immediate neighborhood in configuration space.

0 The only real requirement is to obtain the right
probability of arriving at each final state!
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A Complexity Theorist’'s View of
Feynman’s Path Integra

0 Consider any computation with a wide dataflow

graph (uses more space than time)

= E.g. the graph at right uses 4 variables

at timet=1, but only takes 2 || steps.
We can make the algorithm O
more space-efficient by t=0 =2
computing intermediate
variables dynamically when
required, instead of storing them. t=1

Bernstein & Vazirani, 1993: Can apply this generic

tradeoff to simulating quantum computers.
[0 BQP U PSPACE
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SEQCSIm: TheSpaceEfficient
Quantum Computer Simulator

O Core idea was conceived circa 2002 at UF.

= Add Bohm updates to Feynman recursion.
o Avoids having to enumerate all possible final states.

0o A working C++ software prototype was
developed and demonstrated at FSU in 2008.

= Future versions of the simulator will have a more
expressive programming interface.

0 A performance-optimized FPGA-based
Implementation is currently being developed.

3/19/2009 M. Frank etc, Space-Eff. QC Sim., ACMSEQ9 10



SEQCSIm Input Files
for 2x2-Bit Draper Adder

gconfig.txt format version 1 qi nput.txt format version 1
bits: 4 Declare registers

named bitarray: a[2] @O
named bitarray: b[2] @2

QD

Input values to add

goperators.txt format version 1
operators: 4

[ operator # 0 T

Quantum circuit (sequence of gate applications)

nane: H

size: 1 bits gopseq. txt format version 1

mat ri x: operations: 9

(0.7071067812 + i*0)(0.7071067812 + i*0) operation #0: apply unary operator Hto bit a[1]

(0.7071067812 + i*0)(-0.7071067812 + i*0) | operation #1: apply binary operator cPiOver2 to bits a[1], a[O0]
[ operator # 1 (_?; éi_e_ ______________ operation #2: apply unary operator Hto bit a[O0]

nane: cZ operation #3: apply binary operator cZ to bits b[1], a[1]

Si ze: 2 bits deflnltlons operat?on #4:. apply b? nary oper ator cZ.to bits b[p], a[ 0]

mat ri x: operation #5: apply binary operator cPiOver2 to bits b[0], a[1]

(L +i*0) (0 +i*0) (0 +i*0) (0O + i*0) operation #6: apply unary operator Hto bit a[0]

(0 +1i*0) (L +i*0) (0 +i*0) (0O + i*0) operation #7: apply binary operator inv_cPiOver2 to bits a[1], a[O0]

(0 +i*0) (0 +i*0) (1 +i*0) (0 +i*0) operation #8: apply unary operator Hto bit a[1]

(0O +i*0) (0O +i*0) (0O +i*0) (-1 +i*0)

... (two additional operators dided for brevity)
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SEQCSIm Core Algorithm

/l Bohm-inspired iterative state updating.
procedure SEQCSim::run():

curSate ;= inputState; // Current basis state
curAmp := 1; /[ Current amplitude
for PC =: O to #gates, // Current gate index
(w.r.t. gatePC] operator and its operands,)
for each neighbonbri of curSate,
if nbri = curSate, amp[nbri] :=cur Amp;
elseamp[nbri] := calcAmpfbri);
amp[] := opMatrix * amp[]; // Matrix prod.
/[ Calculate probabilities as normalized
I/l squares of amplitudes.

prob[] := normSgramp(]);

/I Pick a successor of the current state.
I := pickFromDistprobl[]);

curSate := nbri; curAmp := amp[nbri].

3/19/2009

/l Feynman-inspired recursive
Il amplitude-calculation procedure.
function SEQCSim::calcAmp(Neighbabr):
curSate := nbr;
if PC=0 return ¢urSate = inputSate) ? 1 : O;
(w.r.t. gatePC-1] operator and its operands,)
for each predecesspredi of curSate,
PC:=PC - 1,
amp[predi] = calcAmpredi);
PC:=PC+ 1,
amp[] := opMatrix * amp([];
returnamp| cur State;

Complete C++ console app has
24 source files, total size 115 KB
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Complexity Analysis

0 Defining the following parameters:
= a= const. = max. arity of qguantum gate operators
= s=width (# of qubits) in simulated circuit
= t=time (# of operations) in simulated circuit
= k(<t) =# ofnontrivial operations in sim’d circ.
0 For a straightforwardly-optimized
Implementation of SEQCSim, we can have
m Space complexity: Q(+ t)
= Time complexity: Of + t- 2K
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SEQCSIm Output
on 2x2-Bit Draper Adder

Wel cone to SEQCSIM the Space-Efficient Quantum Conputer S| Ml ator.

(C++ consol e version)
By M chael P. Frank, Uwe Meyer-Baese, Irinel Chiorescu, and Liviu Oniciuc.
Copyright (C) 2008 Florida State University Board of Trustees.

Al rights reserved.

b=1 a=1

SEQCSim :run(): Initial state is 3->0101<-0 (4 bits) ==> (1 + i*0).
SEQCSI m : Bohm step forwards(): (tPC=0)

The new current state is 3->0111<-0 (4 bits) ==> (0.707107 + i*0).
SEQCSI m : Bohm step forwards(): (tPC=1)

The new current state is 3->0111<-0 (4 bits) ==> (0 + i*0.707107).
... 6 intermediate steps elided for brevity) ...
SEQCSI m : Bohm step forwards(): (tPC=7)

The new current state is 3->0110<-0 (4 bits) ==> (-0.707107 + i*0).
SEQCSI m : Bohm step forwards(): (tPC=8)

The new current state is 3->01%9<-0 (4 bits) ==> (1 + 1*0).
SEQCSI m : done(): The PC val ue 9 is'iz t he nunber of operations 9.

We are done! a= 1+l:2219
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Peak memory usage (KB)

Empirical Measurements

of Space Complexity

QCAD vs. SEQCsim memory usage

10,000,000
—s QCAD
1,000,000 —o— SEQCsim %
3 N
S 2
Q S
100,000 Q =
& 2
(e}
£
[}
£
=
10,000 5
o
Linear
B T
1,000

4 6 8 10 12 14 16 18 20 22 24 26 28
QFT adder circuit width (qubits)

(Note: QCAD crashed on the 28-bit circuit, due to
insufficient memory available on the test PC.)
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Linear growth of SEQCsim memory usage with size of
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Empirical Measurements

of CPU Time Utilization
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0 SEQCSIm is ~10x faster

100,000.

than QCAD on smalll
circuits. 10000
= This is probably largely jus
because QCAD has a GU
and SEQCSim doesn't.
SEQCSIim is currently
slower than QCAD on
large circuits.
= But, there is much room fc .
performance Improvemen

o Take better advantage c
available memory. 0.01

o Reimplementin special-
purpose hardware

1,000.

!
N
)

CPU time (secs.
|_\

0.1

QCAD vs. SEQCsim CPU time usage

—m— QCAD

—o— SEQCsim

4 6 8 10 12 14 16 18 20 22 24 26 28

QFT adder circuit width (qubits)
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Next Steps

O Software implementation:

Implement a special cache for state amplitudeBptst performance

Develop a new simulator API around a “Qubit” cl&#sst mimics the
(ideal) real statistical behavior of quantum bits

o Invokes SEQCSIm engine “behind the scenes”

o  Allows coding quantum algorithms directly in C++

0 FPGA-based hardware implementation:

3/19/2009

Design custom register structures for faster bitmalation, and
custom memory units for hardware caching of staiplidéudes

Develop efficient adders/multipliers on FPGA platfofor floating-
point numbers in a simplified custom format

Use these as the basis for a custom parallel agttbrdatapath for
quickly computing inner products of complex vectors

Design an optimized special-purpose iterative FSMtlie graph
traversal, to replace the recursive calcAmp() pdoce
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FPGA Tools (1 of 5):

Altera SOPC Builder

1B Altera SOPC Builder - nios_system.sopc (C:hAlteraDE2\DEZ_DMA_tutorialnios_system.sopc) ;Iglil
File Edit Module System  “iew Toolz Miosll Help
System Cortents | System Generation |
11 Aftera SORC Builder & | [ Toroet clack Setings
----- 5 Mios Il Processor ’7Device Family:lm hame Source MHz Achd
[+-Eridges and Ldapters clk_1 External 50.0 ——
[=lnterface Protocols Rz
i AS]
-Ethernet
-High Speed
[P Use |Conne... adule Mame Dezcription Clack Base End IR
E}--Serial g
LB Avalan-ST JTAG | — inztruction_master Avalan Memory Mapped Master clk_1
o Ayvalon-5T Serial || — data_master Awalon Memory Mapped Master IRQ O IRQ 31—
2 JTAG UART —T— fag_debug_module Avalon Memory Mapped Slave 0x01002800 0x0100Z££f
o SPIE Wire Serial v EH onchip_memory2_0 On-Chip Memary (RAK ar RO
o UART (RS-232 Ze —— =1 Awalon Memory Mapped Slave clk_1 0301001000 (Ox01l001£££
F-Legacy Components v E Switches PIC (Parallel 1120
[=]-Memaries and Memory Cantro [-— =1 Avalon Memory Mapped Slave clk_1 Ox01003020 0x0100302f
1D, I~ = LEDs PIC (Parallel 10)
Flash [-— =1 Avalan Memory Mapped Slave clk_1 Ox01003030 (0x0100303f
2 B jtag_uart_0 JTAG LART
o Avalon-ST Dual © [~— avalon_ftag_slave Avalon Memory Mapped Slave clk_1 001003040 (0x01003047 >—'[J]
o Avalon-ST Multi-C v EH sdram_D SDRAM Cortraller
o Avalon-5T Round —— =1 Avalon Memory Mapped Slave clk_1 0x00800000 OxO00E££ff££F
4 7 B sys_clk_timer Irterwal Titmer
— =1 Avalan Memory Mapped Slave clk_1 Ox01003000 0x0100301f >—ﬂ
Tl | Edlt. . | A | Femowe | Ediit... | & Move g | F Move Dowen | Address Map... Fitter... |
o Warning: Switches: PIO inputs are not hardwired in test bench. Undefined values will be read from PIO inputs during simulation.
Exit | Help | 4 Prey | Mext [» | Generste |
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FPGA Tools (2 of 5):
NIOS Il Soft-Core Configuration
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rCore Mios |l

Select a Hios Il core:

. Rl
Nios Il 32-bit
Selector Guide

Farmily: Cyclone ||

fs‘,stem: 50.0 MHz
cpuid: 0

Ferfarmance at S0.0 MHz Up ta 5 DIPS
Logic Usage 600-700 LEs

Memory Usage T Mdks (or ecuiv.)

Branch Prediction
Hardware Multiphy
Hardware Divide

Up to 23 DMIPS
1200-1400 LE=
Twvo Mk + cache

Fiardwate MUPH: |Embedded Mutipliers

LI [~ Harcware Divide

ONios life ONios Il/s |l®Nios 1If
SC RISC RISC
32-hit 32-hit
Instruction Cache Instruction Cache

Eranch Prediction

Hardware bultiply

Hardvweare Divide

Barrel Shifter

Data Cache

Dynamic Branch Prediction
Upta 51 DMIPS

1400-1500 LE=

Three Maks + cache

Reset Vector: lemary: Isdram i}

ﬂ Offzet: IDXD

Ox00E00000

Exception YWectar:  Memory: Isdram_ﬂ

[~ Incluce MU

I Incluce MPU

ﬂ Offget nggg

Cnly include the ML when using sn opersting system that explicitly supports an ML

000500020

Fast TLE Mizs Exception Wector:  Memory:

j Cffset: IDxD

dl

Cancel | <Back| Mext = | Finish |T

[
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FPGA Tools (3 of 5):

Custom Hardware Generation with C2H

JNios I C/C++ - dma_cZh_tutorial.c - Nios II IDE =10l x|
File Edit Refactor Mavigate Search Project Tools Run Window Help
|3 - | & |-~ - G- |- 0-Q%-|®@F |-/ -3 - - £ | I s 1o+
-Nios I CjC++ Proj.. &4 = O [ dma_c2h_tutorial.c 52 = O|| 5= outline &2 =0
| = #include <stdio.h> - BN e~
F-1=% altera.components #:i.nclude Rl il stdio.h =
El'[::?* DMa_tutar #:!.nclude <gys/alt_cache.h> string.h
= Debug #include "sys/alt_alarm.h" sysfalt_cache.h | |
E@ dma_czh_tutorial.c i sysialt_alarm.h
3| #define TRANSFER LENGTH 1048576 T
- gring h #define ITERATIONS 100 el AT id|
---usvs,l'alt_alarm.h #def:!.ne 3witches (volatile char *) 0x010030zZ0 @] Maks Targsts 52 = g
---usvs,l'alt_cache.h #idefine LEDz (char *) Ox01003030 =
- TTERATIONS fiy S =
- LEDs int [ int *  restrict_ dest_ptr, int * restrict  source_ptr, int length IJ_,i:fDM.ﬁ_tutor
- ff Switches { = DM _tutor_syslib
~ # TRANSFER_LENGTH 2RI15EL
@ do_dma S L. =
- ® main ‘Ifur[ i 0: i < (length >> 2): i++ | | _;I_I
- = application, stf
----- readrmie. bk Problems|ConsoIe|Pr0perties m Jg | Refresh % = =0
B DM _tutor_syslib [nios_systam] =) 1= DM#,_tutor (Debug)
e Use software implementation for all accelerators
0 Use the existing accelerators
2 Analyze all accelerators
2 Build software and generate SOPC Builder system
@ EBuild software, generate SOPC Builder systern, and run Quartus IT compilation
== do_dmal)
- @ Use hardware accelerator in place of software implementation, Flush data cache before each call,
2 Use hardware accelerator in place of software implementation
(2 Use software implementation
‘e (B Build report cannot be displayed. Build the project,
1] | ]
J B
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FPGA Tools (4 of 5):
LISA Processor Design Cycle

AL L} |SA cache,
iyt

[TIT Tk Co-
AVAYS proces
sor

o ]

:|3‘ N v
—

L

Assembler, linker,
profiling,

ISS, C-
compiler

zzzzz

SEE
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FPGA Tools (5 of 5):
LISA Development Tools

Symbols Address

; R[4]=R[4]+ &R[3]++ * &R[Z]++

0000000032) 00000( 00000

0000000040) 00000 00000

0000000048) 00000f DO000

0000000056 00000 o000

0000000064 | 00000{ 00000

monitor

Disassembler

0000000072) 00000 00000

Memory

* Aprocessor Debuggel - |5'|5|
Eile Frogram Debug Yiew Profiling Windows Extras Help

INEEEEIEEEEE= R =R N E=R =) ==

||symbol set [Ejimage symbols | Gotn Symbol | = | Gotn Address [0=00000000 | [3zx =] [[applicatio ]|
= - x|
. e T
»> [00000001] - NOP

iles

e rMemory Range: 000000000, 0=000000fF .

{_'}i ; R[2] has pointer to coefficients operands 2lelsl=ft Sl Gama i, (e BEEs 16 [T Search Dirsctor
L [0O00000z2] : LOL R[2Z], #(_h0 Endianess, Mative: little, Display: little E3Other Files

Uiz [0O0000003] - LDH E[2]. #(_h0 >> 8) =T 7 T 3 3 5 e E [Cd Assembly Files
— i R[3] is pointer to x data accay £eas [CAHeader Files

3 [00000004] : LOL R[3], #( =0 & O=ff) oooooooooof oooo1 ooooz[oooo3| oooo4| oooos[0oo0e[ noo10 B C/C++ Filss

=l [00000005] LDH R[3], #( =0 »> 8) oooooooo0s] ooo4o0[ ooosof no1eo0| 003z0[ ooe40| 01Z80[ 02560

= LE00E0006] - goe 0000000016 00000| 00000

= [00000007] - NOP

L1t ooooooo024 | ooooo| 0oooo

ON

h Files A Symbols

0000o0oos0y no00of 00000

il e ey ey el el e

[oooooooeg] - MAC R[4],
[0o0oo0og] . MAC R[4],
[0000000a] MAEC R[],
i Test progra
[0000000L] : HOP
% g [0000000c] : NOP
[0o0ooood] - HNOP
[0000000e] - Hop

Disassembly

(00000001
00000002
[00000003]
[00000004]
[00000005]
[00000006]
[00000007]
(000000081
[0000000g ]
[0000000=]
[0000000k]

=+ @ [0000000c]
[AANAAnnA1

4

ooo00o00sg] 00000] 10000
4]

ooooo| ooooof oooool ooooof ooooo
|

data mem rog mem

on Frofile

il
Y Mo Fipe hoAG N pipe

EX in pipe FD in pipe

|+ | Mame calls Calls/Total
g T B.56%
(| decode i 17 Te%
T |E_tvpe 0.00%
o tvpe f' I 0.00%
- | Profiler | °F
| I_tvee 5.0e=
S [F_type ] 0.00%
|ditect_addressing ] 0. 00%
G |indirect_addressing il 0.00%
(B indirects_addressing 2 ER-IES

EPC
BPC 13
FPC 14
EPLC

BPC_walid

R[0]

R[1]

R[2]

R[3]

R[4] 17
R[5]

regs

R[11]
R[12]
R[13]

RIM141
Reqistars

Y stdout A stderr fF

x| MODnlng to do

Nothing to de
Nothing to do
000z + 0001 + 0000 000&
0014 + 0002 + 000 ooz
0028 + 0003 + 0032 = O0AR
Nothing to do
Nothing to do

[Source: mactestasm 56 [Step : 14| Simulation Mode : JIT-CCS | (c) CoWare LISATek Version 2005.2.1 Linux - - February, 2006~

3/19/2009

M. Frank etc, Space-Eff. QC Sim., ACMSEQ9



Conclusion

0 We have implemented in C++ and validated a
working prototype of a quantum computer simulator
that uses only linear space.

= This tool can be useful to help students & researchers
validate quantum algorithms.

o  Online resources &ittp://www.eng.fsu.edu/~mpf/SEQCSIim
o Contactmichael.patrick.frank@agmail.cofor source code

= A future version will provide a more expressive quantum
programming language based on C++.

O We are also designing an FPGA-based hardware
Implementation to boost simulator performance.

= This approach is made much more feasible by the extreme
memory-efficiency of our algorithm.
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